Abstract. This paper establishes three relations between the Toda field theory associated to a simple Lie algebra and the integral curves of the standard differential system on the corresponding complete flag variety. The motivation comes from the viewpoint on the Toda field theories as Darboux integrable differential systems as developed in [AFV09]. First, we establish an isomorphism concerning regular functions on the jet space and on the unipotent subgroup in the setting of a simple Lie group. Using this result, we then show that in the sense of differential systems, after restricting one independent variable to a constant the Toda field theory becomes the system for integral curves of the standard differential system on a complete flag variety. Finally, we establish that, in terms of differential invariants, the Toda field theory is the quotient of the product of two such systems by a natural group action.
Introduction
Let g be a complex simple Lie algebra of rank ℓ, and let (a ij ) be its Cartan matrix. The (conformal) Toda field theory associated to g is the following system of semilinear PDEs (1.1) u i,xy = − exp ℓ j=1 a ij u j , 1 ≤ i ≤ ℓ, where x and y are the independent variables and the u i are the unknown functions. When g = sl 2 , the corresponding Toda field theory is the ubiquitous Liouville equation. Toda field theories are fundamental examples of integrable systems and have been studied thoroughly in the literature (see the books [LS92, BBT03] ). They have zero curvature representations, and there have been detailed studies of their (local) solutions [Lez80, LS79] . The solution structure has close relations to the representation theory of g and its Lie group G [LS79, Kos79] . In this regard, the author would also like to mention the recent classification results for the elliptic versions of the Toda systems (1.1), where one replaces u i,xy by u i,zz = 1 4 ∆u i (see [LWY12, Nie16, LNW] ). In fact, the Liouville equation was first studied in this elliptic form in relation to conformal metrics of constant Gaussian curvature [Lio53] .
In this paper, we are concerned with the aspects of Toda field theories from the viewpoint of differential systems. By a differential system, we mean a Pfaffian system of 1-forms with constant rank on a manifold M [BCG + 91] . In the dual viewpoint, the differential system is given by a subbundle of the tangent bundle T M , called a distribution, defined as the kernel of the Pfaffian system. We treat Toda field theories as Darboux integrable differential systems and will establish the quotient structure from [AFV09, Theorem 1.4] for such systems. We take a direct approach to establishing our results, and the proofs are crucially based on the works of Kostant [Kos75] , of Feigin and Frenkel [FF95, Fre98] , of Leznov and Saveliev [LS79, LS92] , and of the author himself [Nie14] .
A system of hyperbolic equations on the plane is called Darboux integrable if there is a sufficient number of characteristic integrals, which are also called intermediate integrals in [AFV09] and integrals of motion in [FF96] . A characteristic integral for the Toda field theory (1.1) is a polynomial of the derivatives of the u i with respect to one independent variable whose derivative with respect to the other independent variable is zero if the u i are solutions. For example, for the Liouville equation u xy = −e 2u , I = u xx − u 2 x is a characteristic integral on the x-side since I y = 0 for a solution u. Of course so is u yy − u 2 y on the y-side. Such integrals have been intensively studied in the literature. We refer the reader to [FF96] for their cohomological interpretation and theoretical structure. These characteristic integrals form the W-algebra and as such have been thoroughly studied in [BFO + 90] and for more general gradings in [FOR + 92] . In [Nie14] , the author has directly established that for the Toda field theory (1.1) associated to a Lie algebra of rank ℓ, there are ℓ basic characteristic integrals I j on one side. Furthermore, there is a completely algebraic and explicit algorithm for constructing them (see (2.6)). This very algorithm will actually be important when we prove Theorem 1.2 on the relation of jet spaces and unipotent subgroups. In this connection, the author would also like to mention the interesting application of characteristic integrals to the classification of solutions to elliptic Toda systems with finite energy and with singular sources [LWY12, Nie16, LNW] .
Let us now briefly discuss the key results of this paper. One underlying theme of this paper is the relation of jet spaces and unipotent subgroups. Such relations, especially for affine Lie algebras, lie at the heart of the soliton equations and can be said to be the reason for their existence. This approach was thoroughly developed in a series of papers by Feigin, Frenkel and Enriquez [FF96, FF95, EF97] and was beautifully surveyed in [Fre98] . The following Theorem 1.2 is an analogue of [FF95, Prop. 4 ] (see also [Fre98, Theorem 1.1]) in the setting of finite-dimensional simple Lie groups. This theorem is proved in Section 2.
We first introduce some notation. Let h be a fixed Cartan subalgebra of g. Let ∆ = ∆ + ∪ ∆ − be a decomposition of the set of roots of g into the sets of positive and negative ones, and let {α 1 , . . . , α ℓ } be the set of positive simple roots. Let e α be a root vector in the root space g α for α ∈ ∆. We will specify our normalization of the e α when needed. Let G be any connected Lie group integrating g, and let B + and N − be the Borel and lower unipotent subgroups corresponding to the Lie subalgebras b + = h ⊕ ⊕ α∈∆ + g α and n − = ⊕ α∈∆ − g α . Then N − is diffeomorphic to a Euclidean space [Kna02] .
The homogeneous space G/B + is called a complete flag variety, and it has a natural transitive left G-action by g(kB + ) = gkB + for g ∈ G and kB + ∈ G/B + . It is well-known that the composition N − ֒→ G → G/B + of the inclusion and the projection is injective and its image is a big cell (see e.g. [Kos79, LS92, FF95] ). We will mostly work with this big cell in the local pictures and continue to denote it by N − . In particular, N − has a g-action induced from the above left G-action. under which the derivative ∂ x on the left is identified with the derivation L e on the right for the infinitesimal action of the principal nilpotent element e = ℓ i=1 e αi ∈ g.
By [AFV09, Theorem 1.4], a Darboux integrable differential system is the quotient, in the sense of differential systems, of the product of two Pfaffian systems by the action of a common Lie group G. One of the main goals of this paper is to explicitly demonstrate this for the Toda field theory (1.1) in a direct way, and this is achieved in our Theorem 1.6. First we need to introduce the two Pfaffian systems in our result.
There exists a so-called grading element
Identify the tangent space of G/B + at the point o = 1 · B + with g/b + , where 1 ∈ G is the identity element. Define the distribution
is the direct sum of negative simple root spaces. The Pfaffian system dual to the distribution D is called the standard differential system for the principal grading [Yam93] , and we call D the standard distribution. For an interval I ⊂ R 1 , a curve Φ : I → G/B + is called an integral curve of the standard differential system if
(see [DZ13] for geometric studies of such curves). Again, we mostly work with N − ⊂ G/B + which has a standard differential system naturally induced by restriction. Our second main result concerns the differential system representations of Toda field theories. The proof is contained in Section 3 and uses Theorem 1.2 in an essential way. Theorem 1.5. In the differential system for the Toda field theory (1.1), if we restrict x to a constant and discard jet prolongations (see (3.1) and the discussion after it), then we obtain the differential system on the first jet space J 1 y (N − , D) of the integral curves to the standard differential system on the unipotent Lie group N − in the following sense: there is an isomorphism between the global vector field generators for the corresponding distributions which respects all Lie brackets.
The above theorem can be used to determine the two Pfaffian systems in [AFV09, Theorem 1.4] with the other one obtained by restricting y to a constant. Therefore, it is natural to consider the quotient of the product of two such systems by the diagonal G-action. For differential systems with symmetry, quotients are defined in terms of differential invariants. Our third main result studies such differential invariants, and it is proved in Section 4. Acknowledgment. I express my deep gratitude to Prof. Ian Anderson for introducing this topic to me, and for generously sharing many deep insights and helpful discussions throughout the course of the last several years. Prof. Anderson's several Maple programs are also very useful in carrying out the computations in this paper. I thank an anonymous referee for thorough readings, for pointing out missing arguments and inaccuracies in earlier versions, and for many constructive suggestions, which significantly improved the quality of this paper in terms of both mathematics and exposition.
Jet spaces and unipotent subgroups
In this section, we prove Theorem 1.2, which will be used in a crucial way in proving Theorem 1.5. Theorem 1.2 has its own interest and is the analogue of [FF95, Prop. 4], also stated as [Fre98, Theorem 1.1], in the setting of simple Lie groups. Interestingly in this finite-dimensional case, the characteristic integrals naturally come up. Now we recall the construction of such integrals from [Nie14] .
Let us introduce the zero curvature representation of (1.1). We normalize the root vectors e αi and e −αi for 1
where throughout the paper we use the shorthand notation
Then the Toda field theory (1.1) is equivalent to the following zero curvature equation
With respect to the principal grading (1.3) of g, let s be a homogeneous complement of [e, g] in g, that is,
Then by [Kos63] , s ⊂ n − and dim s = ℓ. We call s a Kostant slice, and let {s j } ℓ j=1
be a homogeneous basis of s with nonincreasing principal gradings −m j . The m j are called the exponents of the Lie algebra g. By [DS84] and [Nie14, Remark 2.1] (see also the proof of Proposition 2.7), we can bring the first element in (2.4) into its Drinfeld-Sokolov gauge in a unique way. That is, there exists a unique element M ∈ N − (whose entries are differential polynomials of the u i ) such that
where the I j are differential polynomials of the u i . The uniqueness of M is easily proved by induction on the principal grading (1.3) using the fact that ker ad e ∩ (h ⊕ n − ) = 0.
Then Theorem 2.1 in [Nie14] proves directly that the I j are the basic characteristic integrals of the Toda field theory (1.1) on the x-side. See also [FF96, Prop. 2.4.7 and §2.4.1].
We first show the following.
Proposition 2.7. There exists a set of generators for the ring C[U]/I whose cardinality is dim N − .
Proof. For a differential monomial in the u i , we call by its degree the sum of the orders of differentiation multiplied by the algebraic degrees of the corresponding factors. For example I = u xx − u Define
It is known from [Kos63] that the above s 
Clearly (c ji ) is nondegenerate. Now we show that (2.8)
where l.o.t. stands for terms which are products of lower order derivatives. We will use this opportunity first to give more details on the existence and the uniqueness of M in (2.6), which satisfies
It is well-known that the exponential map exp : 
where m ℓ is the largest exponent of g. We will uniquely determine the a i inductively.
In general, for X ∈ n − , let X j denote its component in g −j in the principal grading (1.3). Inductively, assume that
Note that this inductive hypothesis is vacuous when i = 1. By (2.5), the component of L i−1 in g −(i−1) can be uniquely written as
with a i ∈ g −i and
For a generalã i ∈ g −i and withM i = M i−1 eã i , we havẽ
(2.12)
If and only if we chooseã i = a i from (2.11), we see that
where
The inductive proof for the existence and uniqueness of M is completed. Furthermore, in view of (2.9), (2.10), (2.13), (2.14) and (2.11), we have that (2.15)
That is, the component of
by showing that the other terms in (L i ) i from (2.12) contain only products of lower order derivatives. We have that
Since a j ∈ g −j and 1 ≤ j ≤ i − 1, we see that all the terms in (−∂ x M i−1 · M −1 i−1 ) i contain only products of lower order derivatives. The same argument also applies to the last element M i−1 e ai (e + u)e −ai M
Actually, −∂ x a i may contain products too, but it is the only term that contains non-products. Now we consider more specifically the highest order derivative terms. Continuing with the above notation, we have
From (2.11), we have
For all simple Lie algebras, m 1 = 1 and m 2 > 1 by [Kos59] . Therefore, by (2.15) we see that
Continuing this way, we see that (2.8) holds for all j = 1, . . . , ℓ. Then through the Gaussian elimination, there exists a permutation σ in the symmetric group S ℓ such that the following set (2.17) {u 
The action g ∈ U on n 1 is obtained by the following normalization procedure:
For a ∈ g, we denote by L a the infinitesimal action of a on
In particular, we have the vector field L e for e = ℓ i=1 e αi defined on N − . Following [Fre98, Lemma 1.1], we have the following lemma about the action of L a . Here we take a faithful representation of N − and represent an element K ∈ N − by a matrix whose (i, j)th entry f ij is considered as a regular function in
Then L a K is the matrix whose (i, j)th entry is L a f ij .
Lemma 2.20. For a ∈ g and K ∈ N − , we have
Proof. Choose a one-parameter subgroup a(t) of G such that a(t) = 1 − ta + o(t).
We have a(t) For 1 ≤ i ≤ ℓ, let ω i ∈ h * be the ith fundamental weight defined by the conditions that ω i (H αj ) = δ ij for 1 ≤ j ≤ ℓ.
Proof of Theorem 1.2. Let K ∈ N − . Following Kostant [Kos75] and [FF95, Fre98] , we define the following functions on N −
Here (·, ·) is the Killing form on g, and ω i is regarded as an element of h via the Killing form. For simplicity, we write u
We note that under this homomorphism, ∂ x corresponds to L e by the above definitions. Now we show that the images ϕ(I j ) of the characteristic integrals I j are zero. That is, if we replace the u in I j , we get zero. We find the images ϕ(I j ) by adapting our algorithm in (2.6) for computing I j . So we replace ∂ x by L e and u by v = ℓ i=1 v i H αi . Then by the same reason as for (2.6), there exists a unique element M 1 ∈ N − , whose entries are functions on N − , such that
We will show below that the unique M 1 in (2.24) is the K in (2.22), and (2.24) becomes
Therefore, ϕ(
Here we have used that
Furthermore, since ∂ x corresponds to L e , we have ϕ(∂ m x I j ) = L m e J j = 0 for m ≥ 0. Therefore, the morphism ϕ in (2.23) descends to a morphism, which we continue to denote by the same notation,
Now we show that this morphism is an isomorphism, and this part is analogous to the proof of Theorem 1.1 in [Fre98] .
To prove that ϕ is injective, we have to show that the images ϕ(u
for 1 ≤ k ≤ m i , 1 ≤ i ≤ ℓ of the set (2.17) are algebraically independent. We will do that by showing that at the identity 1 ∈ N − , the dv
for 1 ≤ k ≤ m i , 1 ≤ i ≤ ℓ are linearly independent in the cotangent space T * 1 N − , which is identified with n + through the Killing form. It can be checked that dv i 1 = e * −αi , which is identified with
e αi since (e −αi , e αi ) = 2 (αi,αi) by our normalization (2.1). Furthermore by (2.22), we have dv
is a basis of n + by [Kos59] and hence is linearly independent.
To prove that ϕ is surjective, we introduce gradings and compare them. On
The above algebraic independence also shows that C[U]/I is a polynomial algebra with b i generators of degree i by [Kos59] , where
we take the derivation L H0 as the grading operator, where H 0 is the grading element for the principal grading (1.3). Then it can be checked that deg v i = 1. Since [H 0 , e] = e, the degree of L e also equals 1 and so deg v 
where V n is the homogeneous subspace of V of degree n. Concretely,
Example 2.27. To illustrate our results, let us consider the example of A 2 Toda field theory (1.1) as
u 2,xy = −e −u1+2u2 .
Let E ij denote the matrix of dimension 3 whose only nonzero element is 1 at position (i, j). We use standard choices of e = E 12 + E 23 , H α1 = E 11 − E 22 , H α2 = E 22 − E 33 , s 1 = E 21 , and s 2 = E 31 . Then the transformation matrix from (H α1 , H α2 ) to (s Our formula from (2.6) computes that
(2.28) Note that (2.8) is thus checked.
From these we see that a set of ring generators for C[U]/I in Proposition 2.7 can be chosen as (u 1,x , u 2,x , u 2,xx ) or (u 1,x , u 2,x , u 1,xx ) .
Let us also show the content of Theorem 1.2 using this example. An element K ∈ N − has the following form
where v 1 , v 2 , v 3 are the coordinates on N − . We see that the definitions of v 1 and v 2 in (2.22) are compatible with the above. By (2.19) and the action (2.18), we compute that
It is easy to check directly that for the characteristic integrals in (2.28) and the ϕ in (2.23), we have ϕ(I 1 ) = 0 and ϕ(I 2 ) = 0. Then the map in (2.26) is
(2.30)
From Toda field theories to standard differential systems
In this section, we prove Theorem 1.5 by utilizing Theorem 1.2.
Proof of Theorem 1.5. We represent the Toda field theory (1.1) as the Pfaffian system on the following infinite jet space with coordinates
i,y . Let ∂ x and ∂ y be the derivative with respect to x and y respectively. We have
. Using the shorthand (2.3), the differential 1-forms defining the Toda field theory (1.1) are
Now we restrict x to a constant in the jet space while the u (k)
i,x are still coordinates. Then dx = 0 and the differential system becomes (3.1) du
The B k i are differential polynomials of the u j with respect to x and they clearly satisfy that for 1 ≤ i ≤ ℓ,
It is in this way that we make sense of the second set of 1-forms in (3.1). The first set of 1-forms in (3.1) are just some jet relations. Therefore disregarding them, we represent our Toda field theory (1.1) restricted to x = constant on the manifold with coordinates (y, u i , u
We use the dual viewpoint and choose the following basis of vector fields that generate at each point the corresponding distribution
where (a ij ) = (a ij ) −1 . Taking Lie brackets and recalling (2.3), for 1 ≤ j ≤ ℓ we have
V j , and the bracket relations so far are
Now we study the bracket relations among the V j , and we will show that they generate n − . Define
Now we show that the V j can be viewed as derivations on the ring C[U]/I from Theorem 1.2. First we note that the vector fields Y and the U j in (3.3) annihilate all the characteristic integrals I i and their derivatives on the x-side. This is the case for Y by the definition of characteristic integrals and that Y is the total derivative vector ∂ y . This is the case for the U j since the characteristic integrals I i contain at least the first-order derivatives in view of (2.6) and the definition of u in (2.2). Therefore, by (3.4) and (3.6), we have L Vj I ⊂ I and the V j descend as derivations on the ring C[U]/I. (e
By [Kos75, Proposition 3.5 and Theorem 2.2], we know that as vector fields on N − ,
where K ∈ N − and (α j , K −1 eK) is a function on N − .
We denote by e R −αj the derivation on C[U]/I corresponding to e R −αj on C[N − ]. Note that L e corresponds to ∂ x under the isomorphism in Theorem 1.2. By α j = ℓ m=1 a jm ω m and in view of (2.22) and (2.23), (3.8) gives
As a derivation on C[U]/I, we have
, where the C
are functions of {u
1≤i≤ℓ . Then from (3.9), we see that
Using (3.7), we see that C as derivations on C[U]/I. This shows, in particular, that the V j and hence the V j generate n − . Now we show that the Lie algebra generated by the vector fields in (3.3) is isomorphic to a Lie algebra of vector fields on the first jet space of the integral curves of the standard differential system on the big cell N − ⊂ G/B + .
Two integral curves Φ 1 , Φ 2 : I → N − of the standard differential system (see (1.4)) are called 1-equivalent at a point y 0 ∈ I if their graphs have a contact of order 1 at the point Φ 1 (y 0 ) = Φ 2 (y 0 ). The equivalence class of Φ with respect to this relation is denoted by [Φ] with a natural structure of manifold. Let ω ∈ Ω 1 (N − , n − ) be the Maurer-Cartan form. Then Φ satisfies (1.4) iff ω(Φ ′ (y)) ∈ g −1 . Hence we can write
using some functions φ i (y). Therefore, J 
where ω is expressed in terms of the coordinates Φ 0 . Let us now consider the dual viewpoint in terms of distributions. We identify the tangent spaces of N − , through the left translation to the identity, with the Lie algebra n − . Then { 
since the Maurer-Cartan form satisfies ω(a) = a for a ∈ n − . Analogously to (3.4), define (3.13)
The V j clearly generate n − . We have Y = ∂ ∂y − ℓ j=1 V j and also the bracket relations (3.14)
[
By the comparison of (3.5) with (3.14) and (3.6) with (3.13), we see using (3.10) that the map
establishes an isomorphism between the two sets of vector field generators of the two distributions which respects their successive Lie brackets. This completes the proof of Theorem 1.5.
Example 3.16. We continue to use Example 2.27 to illustrate our results. Using e −α1 = E 21 , e −α2 = E 32 and the coordinates in (2.29), we see that
By the transformation (2.30) and the chain rule, we see that
These are clearly the V 1 and V 2 from (3.6) expressed in the generators u 1,x , u 2,x and u 2,xx of C[U]/I.
From standard differential systems to Toda field theories
In this section, we prove Theorem 1.6, which realizes the quotient structure of [AFV09, Theorem 1.4] for Toda field theories as Darboux integrable differential systems.
Proof of Theorem 1.6. By (1.4), an integral curve in N − of the standard differential system is locally a map Φ : I → N − such that for g ∈ G and B − k ∈ B − \G. The action of g in an open set of G (which contains the identity) on n 2 ∈ N + is defined by
The standard distributionD on B − \G is defined as the G-invariant distribution equal to g 1 mod b − atõ = B − · 1. An integral curve in N + of the standard differential system is thus locally a map Ψ : J → N + , where J is an interval, such that
where Ψ x = Ψ ′ (x), x ∈ J. We write the a and b in (4.1) and (4.3) as
Therefore, we have the following coordinates 
where g is close to the identity so that g ·Φ(y 0 ) is defined as in (2.18). The definition of g · ψ 0 i is similar. We refer the reader to [Olv95, Chapter 5] for background on prolonged group action and differential invariants.
The number of coordinates that G acts on is dim N − + dim N + + 2ℓ = dim G + ℓ. Now we construct ℓ differential invariants and show that they satisfy the Toda field theory (1.1). In this proof, we will work with representatives of the jet spaces. That is, we will work with actual integral curves Φ : I → N − and Ψ : J → N + satisfying (4.1) and (4.3).
We use the bracket notation following the physicists [LS92] . For 1 ≤ i ≤ ℓ, we denote by |i the highest weight vector for the ith fundamental representation V i of G [FH91] , and by i| the lowest weight vector for the dual representation V * i , where G acts from the right. There are the induced representations of g and its universal enveloping algebra U (g) (see [Kna02] ) on V i and V * i . For µ, ν ∈ U (g) and g ∈ G, i|νgµ|i denotes the pairing of i|ν in V * i with g(µ|i ) in V i . We require that for the identity element 1 ∈ G, we have i|1|i = 1. Then consider the following function
This function is not invariant under the G-action, but its transformation under g ∈ G is simple. Using (2.18) and (4.2), we have (4.5) g −1 ξ i = i|(g · Ψ(x))(g · Φ(y))|i = i|Q(x) −1 Ψ(x)g −1 gΦ(y)P (y) −1 |i = ξ i p(y)q(x).
Here Q(x) ∈ B − and P (y) ∈ B + are group elements for the normalizations from (2.18) and (4.2). Since i| and |i are the lowest and highest weight vectors, we have i|Q(x) −1 = q(x) i|, P (y) −1 |i = p(y)|i , for some functions p(y) and q(x). Therefore the locally defined −(log ξ i ) xy is G-invariant. Now we define (4.6) u i = − log ξ i + ℓ j=1 a ij log(φ j (y)ψ j (x)), 1 ≤ i ≤ ℓ.
The u i,xy = −(log ξ i ) xy are also differential invariants. Now we compute that 
